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THE CANONICAL ARITHMETIC HEIGHT OF SUBVARIETIES 

OF AN ABELIAN VARIETY 
OVER A FINITELY GENERATED FIELD 

ATSUSHI MORIWAKI 



O ! Introduction 

■ This paper is the sequel of [0]. In 0], S. Zhang defined the canonical height of sub varieties 

of an abelian variety over a number field in terms of adelic metrics. In this paper, we 
r i'. generalize it to an abelian variety defined over a finitely generated field over Q. Our way is 

^ I slightly different from his method. Instead of using adelic metrics directly, we introduce an 

■3' '" "'^' 



adelic sequence and an adelic structure (cf. §§3.1|) 

Let i^ be a finitely generated field over Q with d = tr. degQ^K), and B = {B; Hi, . . . , Hd) 
a polarization of K, i.e., i? is a projective arithmetic variety whose function field is K, and 
Hi, . . . , Hd are nef C°°-hermitian line bundles on B. Let A be an abelian variety over K, 
and L a symmetric ample line bundle on A. Fix a projective arithmetic variety A over B 
'^ ■ and a nef C°^-hermitian Q-line bundle C on A such that A is the generic fiber oi A ^ B and 

O . £ is isomorphic to L on A. Then we can assign the naive height h^.-^AX) to a subvariety 

O ' X of A-rT-. Indeed, if X is defined over K, hf -pSX) is given by 

5^: d^ (ci(£|^)'^'-^+^ ■ ci{7,*AHi)) ■ ■ ■ci{^*AHci))) 

^: (dimX + l)deg(L|^'"^) 

+-^ ■ where X is the Zariski closure of X in ^ and ttx '■ '^ ^ B is the canonical morphism. 

The canonical height /if (X) of X with respect to L and B is characterized by the following 
properties: 

(a) hf^{X) > for all subvarieties X of Aj^. 

(b) There is a constant C such that 



hf{X) - hf^-^^{X) 



<C 



for all subvarieties X of Aj^. 



(c) hf^{[N]{X)) = N'^hf{X) for all subvarieties X of Aj^ and all non-zero integers N. 
The main result of this paper is the following theorem, which is a generalization of |^. 

Theorem (cf. Theorem |5.1|) . If the polarization B is big {i.e., Hi, . . . , Hd are nef and big), 
then, for a subvariety X of A-j^, the following are equivalent. 
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(1) X is a translation of an abelian subvariety by a torsion point. 

(2) The set {x G X{K) \ /if (x) < e} is Zariski dense in X for every e > 0. 

(3) The canonical height of X with respect to L and B is zero, i.e., h^{X) = 0. 

Next let us consider a case where a curve and its Jacobian. Let X be a smooth projective 
curve of genus g > 2 over K, and J the Jacobian of X. Let be a symmetric theta 
divisor on J, and j : X ^ J a morphism given by j{x) = uJx — {2g — 2)x. Then, since 
j*{Oj{Q)) = uj^ , we can assign the canonical adehc structure uJ^ to lux- As a corollary 

of the above theorem, we have the following, which is a generalization of 0. 

Corollary (cf. Corollary |5 .41 ). If the polarization B is big, then the adelic self intersection 
number ofuj\ ^^'^^ respect to B is positive, i.e., {uj\ ■uj\)-g > 0. 

1. Preliminaries 

For the basic notation of Arakelov Geometry, we follow the paper 0. 
Let X be a projective arithmetic variety with d = dimXQ, and L a C°°-hermitian Q-line 
bundle on X. First we review several kinds of positivity of L. 

•ample: We say L is ample if L is ample, ci(L) is a semipositive form on X(C), and, for 
a sufficiently large n, H\X,L^'') is generated by {s G i7°(X,L®") | ||s||sup < !}• 

•nef: We say L is ne/if ci(L) is a semipositive form on X(C) and, for all one-dimensional 
integral closed subschemes F of X, deg {L\y) — ^■ 

•big: L is said to be big if rk^ H^{X, L®™) = 0{m'^), and there is a non-zero section s of 
H^{X,L®^) with ||s||sup < 1 for some positive integer n. 

•Q-effective: We say L is Q-effective, denote by L ^ 0, if there are a positive integer 
n and a non-zero section s G H^{X,L^'^) with ||s||sup < 1. Moreover, if [/ is a non-empty 
Zariski open set of X with div(s) C X \ f/, then we use the notation L '^u 0. Let M be 
another C°°-hermitian Q-line bundle on X. If L ® M ^0 (resp. L ® M ^u 0), then 
we denote this by L ^ M (resp. L ^u M). 

Proposition 1.1. (1) If L is a nef C°° -hermitian Q-line bundle and A is an ample C°°- 
hermitian Q-line bundle, then L -\- eA is ample for all positive rational numbers e. 

(2) If Li, . . . , L^+i are nef C°° -hermitian Q-line bundles, then 

d5(ci(Ii)-- -01(1^+1)) >0. 

(3) IfLi, ... ,Ld are nef C°° -hermitian Q-line bundles and M is a Q-effective C°° -hermitian 
Q-line bundle, then 

d^(ci(li)---ci(lrf) -01(17)) >0. 



(4) Let Li, . . . , Ld+i and Mi, . . . , M^+i be nef C^ -hermitian line bundles on X . If Mi 
Li for every i, then 

d^ (ci(Mi) ■ ■ -ciiMd+i)) > d^ (ci(Ii) • ■ -ciiLd+i)) . 
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Proof. (1), (2) and (3) was proved in p, Proposition 2.3]. (4) follows from the following 
equation: 

d^ (ci(Mi) ■ • -MMd+i)) - d^ (ci(Ii) • ■ -MLd+i)) 

d+l 

= ^ d^ (ci(Li) ■ ■ ■ci(Li-i) ■ (ci(Mi) - ci(Li)) ■ ci(M,+i) ■ ■ -ciiMd+i)) ■ 

D 

Moreover, the following lemmas will be used in the later sections. 

Lemma 1.2. Let X be a projective arithmetic variety, and L a big C°° -hermitian Q-line 
bundle on X. Let x be a {not necessarily closed) point of X . Then, there are a positive 
number n and a non-zero section s G H^{X,L^"') with s{x) = and ||s||sup < 1- 

Proof. Since rkz H^ {X , L®"^) = 0{m'^), there are a positive number uq and a non-zero 
section sq G H^{X,L'^^°) with so{x) = 0. On the other hand, there is a non-zero section 
si G iJ°(X, L®"i) with ||si||sup < 1 for some positive integer ni. Let n2 be a positive integer 
with 

II e II He ll"2 ^ 1 

|PO||sup|pi||sup ^ -^• 

Thus, if we set s = Sq (g) sf "" G H^iX, L®"o+"i"2), then we have the desired assertion. D 

Lemma 1.3. Let B be a projective arithmetic variety and K the function field of B. Let 
X be a projective variety over K , and L an ample line bundle on X. Then, there are a 
projective arithmetic variety X over B, and an ample C^ -hermitian Q-line bundle C on X 
such that X is the generic fiber of X ^ B and C coincides with L in Pic(X) ® Q. 

Proof. Choose a sufficiently large integer n such that 0|l<8>"| gives rise to an embedding 
X ^ P^. Let X be the Zariski closure of X in P;^ = P^ x B. Since C»piv(l) is relative 
ample, there is an ample line bundle Q on B such that A = Opn{1) ®tt*{Q) is ample, where 
71 is the natural projection P;^ —>■ B. We choose a C°°-hermitian metric of A such that 

A = {A, II ■ II) is ample. Thus, if we set C = {A\^) , then we have our assertion. □ 

Next, let us consider the following relative positivity. 

•TT-nef (nef with respect to a morphism): Let it : X —>■ B he a morphism of projective 
arithmetic varieties, and L a C°°-hermitian Q-line bundle on X. We say L is nef with respect 
to X ^ B (or TT-nef) if the following properties are satisfied: 

(1) For any analytic maps h : M -^ X{C) from a complex manifold M to X{C) with 
n{h{M)) being a point, Ci{h*{L)) is semipositive. 

(2) For every b & B, the restriction L\j^_ of L to the geometric fiber over b is nef. 

b 

Then, we have the following lemma. 

Lemma 1.4. Let n : X —>■ B be a morphism of projective arithmetic varieties with d = 
dimBq and e = diin{X/B). Let Hi,... , if ^ be nef C°° -hermitian Q-line bundles on B. 
Then, we have the following. 
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(1) Let Li, . . . , Le be n-nef C^-hermitian Q-line bundles on X, and L a C°° -hermitian 
Q-line bundle on X . If there is a non-empty Zariski open set U of B with L ^7r-i(t/) 0, 
then 

d^ (ci(Ii) ■ ■ -cille) ■ Ci(L) ■ ci(7r*:^i) ■ ■ ■ Ci(7r*F,)) > 0. 

(2) Let Li, . . . ,Le+i and L^, . . . , i^e+i be n-nef C°°-hermitian Q-line bundles on X. If 
there is a Zariski open set U of B such that Li ^7r-i((7) L^ for all i, then 

d^ (ci(Li) ■ ■ ■ ci(le+i) ■ ci(7r*:ffi) ■ ■ ■ Ci(7r*F,)) 

> d^ (ci(i;) ■ • -01(11+1) ■ ci(7r*:ffi) ■ ■ ■Ci{'^*Hd)) ■ 

Proof. (1) By our assumption, there are a positive integer n and a non-zero section 
s e f/°(X,L^") such that ||s||,up < 1 and Supp(div(s)) C X\-k-^{U). Let div(s) = 
aiAi + ■ ■ ■ + a^Ar be the decomposition as cycles. Then, 

(1.4.1) nd^ (ci(Ii) ■ ■ ■ci(le) ■ ci(l) • ci(7r*:^i) ■ ■ ■ Ci(7r*:H^,)) 

r 

= ^ttideg \Ci{Li\^) ■ ■ ■ci{Le\^) ■ Ci{'K*Hi\^) ■ ■ ■ci{'K*Hd)\^^ 

i=l 



+ / - log(||s||)ci(Li) A ■ ■ ■ A Ci(Le) A Ci{it*H^) A ■ ■ ■ A Ci(7r*/f,). 

Jx{<C) 



First, by the Fubini's theorem, 

/ -log(||s||)ci(Ii) A ■ ■ ■ A ci(le) A Ci{7i*Hi) A ■ ■ ■ A Ci{n*Hd) 

Jx(C) 

= I ( [ -\og{\\s\\)c^(L^)A■■■ACl(L,)]c,(H,)A■■■Ac,(Hd). 

Jb{c) \Jx{c)/b{c) J 

Here, by the property (1) of "vr-nef". 



-log(||s||)ci(Li)A---Aci(Le) 

'X(C)/B(C) 

is a non-negative locally integrable function on 5(C). Thus, the integral part of ( |1.4.1| ) is 
non-negative. Let hi be the generic point of vr(Aj). Then, by the projection formula, we can 
see 

deg (ci(Ii|^^) ■ • ■ci(Ie|^> ci(7r*;ffi|^j ■ ■ ■ci(7r*;ffd|^^)j 

'0 if codim(7r(Ai)) > 2 

^deg(i^i|(A,)_^ ■ ■ ■ Le|(A^)_pdeg (ci(^i|^(^^)) ■ ■ ■cx{^d\^^^^^ if codim(7r(A,)) = 1 

Therefore, we get (1) because 

deg(i:i|(A05^ ■ ■ ■ ^\^.\) ^ and deg [MHiI^^^^) ■ ■ -ciiHdl^^^^)) > 0. 
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(2) Since 

Ci(Li) ■ ■ ■Ci(Le+i) - Ci{L[) ■ ■ ■Ci(Lg_^i) 



;ci(Li)---ci(L,_i) ■ (ci{Li) -ci{L\yj ■ci(L^+i)---ci(l1. 



(2) is a consequence of (1). □ 

Finally, let us consider the following lemma. 

Lemma 1.5. Let it : X ^ B be a morphism of projective arithmetic varieties, and L a 
C°° -hermitian line bundle on X . Let U be a non-empty Zariski open set of B such that 
B\U = Supp(D) for some effective Cartier divisor D on B. If there is a non-zero rational 
section s of L with Supp(div(s)) C X \ 7r~^(f/), then there are a positive integer n and a 
C^ -metric || • ||„d of OsinD) with 

n*{OB{nD), II ■ \Ur-' ^.-^iu)L^^-^(^u) n*{OB{nD), \\ ■ \U)- 
Moreover, if D is ample, then we can choose \\ ■ \\nD such that (OsinD), \\ ■ Wno) is ample. 

Proof. First, we fix a hermitian metric || ■ ||d of Ob{D). If D is ample, then we choose 
II ■ IId such that {Ob{D), \\ ■ \\d) is ample. Find a positive integer n with 

-nf*{D) <div(s) <nf*{D). 

Let I be a section of OyinD) with div(/) = nD. We set ti = / s~^ and t2 = l^ s. Then, ti 
and ^2 are global sections of Ox{nf*{D)) ®L^^ and Ox{nf*{D)) ®L respectively. Choose a 
sufficiently small positive number c such that if we give a norm of OsinD) by c|| ■ ||^, then 
Pillsup ^ 1 and ||t2||sup < 1- Thus we get our lemma. □ 

2. Arithmetic height of subvarieties 

Let i^ be a finitely generated field over Q with d = tr. degq^K), and B = {B; Hi, . . . , Ha) 
a polarization of K. Let X be a projective variety over K, and L a nef line bundle on X. Let 
A" be a projective arithmetic variety over B such that X is the generic fiber oi X -^ B, and 
let £ be a C°°-hermitian Q-line bundle on X such that C coincides with L in Pic(X) Q. 
The pair {X,C) is called a C°°-model of (X, L). We assume that £ is nef with respect to 
X ^ B. Note that if L is ample, then there is a C°°-model {X, C) of (X, L) such that C is 
ample by Lemma p..3| . 

Let y be a subvariety of X;^. We assume that Y is defined over a finite extension field 
K' of K. Let B^ be the normalization of B in K' , and let p^ : B^ -^ B he the induced 
morphism. Let X^ be the main component oi X Xb B^ . We set the induced morphisms 
as follows. 

X .^^ X^' 



.K' 



B Jl 5^' 



'^(x.oy^) 



dimY+1 



/* / J.-"'* , 



ci n^-{p^-{H,)) 



I * / L^/* , 



c, ^^'\p^'\E,)) 
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Let y be the Zariski closure of Y in X^ . Then the naive height hf^-^AY) of F with respect 
to {X, C) and i? is defined by 

[K' : ir](dimF + 1) deg(L|?"'') 

Note that the above definition does not depend on the choice of K' by the projection formula. 
Here we have the following proposition. By this proposition, we may denote by /zf the class 
of hf -^ modulo the set of bounded functions. Moreover, we say hf is the height function 

associated with L and B. 

Proposition 2.1. Let {X',C ) be another model of {X,L) over B such that C is nef with 
respect to X' ^ B . Then, there is a constant C such that 



h^ - 



(Y) 



K^Tc')^"^) 



<C 



for all subvarieties Y of X^. 



Proof. Let [/ be a Zariski open set of B with Xu = Xlj and Cu = CJy in Pic(A'(7) (8)Q. Let 
A be an ample line bundle on B and J the defining ideal oi B\U. Then, there is a non-zero 
section t of H'^{B.,A®"^ ® I) for some positive integer m. Thus, B\U (^ Supp(div(s)). 
Therefore, shrinking U, we may assume that there is an effective ample Cartier divisor D on 
B with Supp(D) =B\U. 

Let fi : Z ^ X and fi' : Z —>■ X' he birational morphisms of projective arithmetic 
varieties such that fi and fi' are the identity map over Xu. Then, hf y, (Y) 



hf , , (F) for all subvarieties Y oi Xj^. Thus, to prove our proposition, 

we may assume that X = X'. 

First of all, by Lemma |T]^, there is a nef C°°-hermitian line bundle T on B such that 



and/.;^^,_,^(r) 



(2.1.1) 



71* (Tf 



-1 -< 



C 



^TT'^iU) 



7r*(T), 



i7r-l{C/) ^ 

where ir : X —>■ B is the canonical morphism. Let F be a subvariety of Xj^. We assume that 
Y is defined over a finite extension field K' of K. Let B^ be the normalization of B in K', 
and X^ the main components of ^Y x ^ B^ . Let y be the closure of Y in X^ . Then, 

•dimy+l 



deg \ci{ C^ 



hfxro^y) 



c. {Hf 



y 



■c.(Ff 



[K' : K]{dimY + l)deg{L\f"'') 



and 



deg ci 



''fA^Z',(>') 



f' 



y 



■dimY+l 



?i (fff 




[fsT': JsT] (dimy + l) deg(L|y 



dimy\ 



THE CANONICAL ARITHMETIC HEIGHT OVER A FINITELY GENERATED FIELD 



where C , £ and H^ 's are puUbacks of £, £ and ifj's to X^ respectively. Here, by 
virtue of ( PXTl ), 

—,K' _i^"»-l _ —K' , —,K' —K' 



Therefore, by (2) of Lemma [1.4| , we can see that 

■dimy+l 



deg \ci{ C 



K' 




< [K' : K]{dimY + 1) deg(L|^""'^)deg {T-Hi---Hd). 



Thus we get our proposition. 



D 



3. AdELIC sequence and ADELIC STRUCTURE 

3.1. Adelic sequence, adelic structure and adelic line bundle. Let K he a finitely 
generated field over Q with d = tr. degiQ{K), and B = {B; Hi, . . . , Ha) a polarization of K. 
Let X be a projective variety over K, and L a nef line bundle on X. 

A sequence of C°°-models {{X^, £„)} of (X, L) is called an adelic sequence of {X, L) (with 
respect to B) if £„, is nef with respect to Xn —>^ B for every n, and there is a non-empty 
Zariski open set U oi B with following properties: 



1) '^n\u = ^m\u (say Xu) and C 



n\u 



£^L in Pic(A'ty 



for all n, m. 



(2) For each n,m, there are a projective arithmetic variety Xn^m over B, birational mor- 
phisms /x^^ : Xn^m -^ ^n and yU™^ : Xn^m -^ '^m, and a nef C°°-hermitian Q-line 



bundle Dn,m on i? such that 



n,m\ n, 






l^m{U) \^^n,m) \^n) ® [l^n,m) \^m ) ~7r^,™(l/) '^n,m\Df 







and that 

deg (ci(D„,^) ■ ci(ifi) ■ ■ ■Ci(iJrf)) • 
as n,r7i — > oo, where 7r„_m is the natural morphism Xn,m —>■ B. 

The open set U as above is called a common base of the sequence {{Xn,Cn)}- Note that if 
[/' is a non-empty Zariski open set of U, then ?7' is also a common base of {{Xn, Cn)}. 

Let {(D^„,A^n)} be another adehc sequence of (X, L). We say {{Xn,Cn)} is equivalent to 
{{yn,-Mn)}, denoted by {{Xn,Cn)} ~ {(3^n,-^n)}, if the concatenated sequence 

{Xi,Ci), (yuMi), ■■■ , {X^,Cn), {yn,Mn), " " " 

is adelic. In other words, if we choose a suitable common base U, then, for each n, there 
are a projective arithmetic variety Zn over B, birational morphisms fin '■ Zn -^ Xn and 
Un : Zn -^ yn, and a nef C°°-hermitian Q-line bundle Dn on i? such that 



,-p^-i-. 



■(8)-1n 



^kW );i.-(6.)/i:(^n)®<(-M: );i.-(c/)^l(^n) 
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and that 

lim d^ (ci(D„) ■ ci(:ffi) • ■■c,(Hd)) = 0, 

n—too 

where nz„ is the natural morphism Zn ^ B. 

An equivalent class of adelic sequences of (X, L) is called an adelic structure of L (with 
respect to B). Further, a line bundle L with an adelic structure is called an adelic line 
bundle and is often denoted by L for simplicity. If an adelic line bundle L is given by an 
adehc sequence {{Xn,C-n)}, then we denote this by L = lim„^oo('^n, -^n)- Moreover, we say 
L is nef if L = lim„^oo('^n5 ^n) and £„ is nef for n ^ 0. 

Let (yf : y — > X be a morphism of projective varieties over K, and L an adelic line 
bundle on X. We assume that L is given by an adelic sequence {(A:'„, £„)}. Let us fix 
a morphism f^n : 3^n — ^ '^n of projective arithmetic varieties over B for each n with the 
following properties: 

(a) Qn '■ y-n —^ '^n coiucides with g -.Y —^ X over K for every n. 

(b) There is a non-empty Zariski open set U oi B such that 3^n|[/ = 3^m|[/, ^n\u = Xm\jj, 
and gn\jj = dmlu ^^ all n, m 

Then it is not difficult to see that {(3^„, (7* (£„))} is an adehc sequence of {Y,g*{L)). We 
denote by g*{L) the adelic structure given by {(3^n, dni'^n))}- Note that this adelic structure 
does not depend on the choice of the adelic sequence {(A'„, £„)} and the morphisms gn : 

3.2. Adelic sequence by an endomorphism. Let i^ be a finitely generated field over Q 
with d = tr. degQ(i^), and B = {B; Hi, . . . , Ha) a polarization of K. Let X be a projective 
variety over K, and L an ample line bundle on X. We assume that there is a surjective 
morphism / : X — > X and an integer d > 2 with L*^*^ ~ f*{L). Let {X, C) be a C°°-model 
of (X, L) such that C is nef with respect to X ^ B. Note that the existence of a C°°-model 
(A", C) of (X, L) with C being nef with respect to A" ^ _B is guaranteed by Lemma |L3[ Then, 
there is a Zariski open set U oi B such that / extends to fu '■ Xu -^ Xu and C®'^ = f^{Cu) 

in Pic(A:'[/) ® Q. Let A:'„ be the normalization of Xu — ^ Xu — > A", and /„ : Xn ^ X the 
induced morphism. Then, we have the following proposition. 

Proposition 3.2.1. (1) < (A'„, /*(£)®'^ ") \ is an adelic sequence of {X,L). Moreover, if 

C is nef then the adelic line bundle \im.n^oo{^n, fni'^)'^'^ ") ^■^ '^fi/- 
(2) Let /' : X — i> X be another surjective morphism with L®'^ ~ f'*{L) for some d' > 2. 
Let {X', C ) be another C°° -model of (X, L) such that C is nef with respect to X' —>■ B. 
Let U' be a non-empty Zariski open set of B such that f extends to f'jj, : X[j, -^ X^j, and 

^'u''^ ~ fu'*i^u') '^'^ Pic(A:'^;) ®Q. Let X^ be the normalization of X[j, -^ X[j, -^ X' , 
and f^:X^^ X' the induced morphism. If f ■ f = f ■ f , then 



(^n,/:(/:r"")}~{(A'^,/r(^'; 



®d'~ 
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Definition 3.2.2 (/-adelic structure). The adelic sequence < (A'„, f*{C)^'^ ") > in the above 
proposition gives rise to the adehc structure on L, which is called the f -adelic struc- 
ture of L. The line bundle L with this adelic structure is denoted by L , i.e., L = 

_ r 

liin.n^ooi'^n, fni-^)'^'^ ")• Considering a case "/ = /'" in (2), we can see that L does not 
depend on the choice of the C°°-model {X, C). Moreover, (2) says us that ii f ■ f = f ■ f , 

then L = L . Further, L is nef by the second assertion of (1) and Lemma |lT^ 



Proof of Proposition |3.2.1| . In the same way as in the proof of Proposition ^.1| , shrinking 
U if necessarily, we may assume that there is an effective ample Cartier divisor D on B with 
Supp(D) =B\U. 

(1) For simplicity, we denote f*{C)'^'^ " by £„. From now on, we treat the group structure 
of the Picard group additively. Note that Xq = X and Co = C Let 3^ be a projective 
arithmetic variety over B such that there are birational morphisms po '■ y ^ Xq and pi : 
y -^ Xi, which are the identity map over U. We fix n > m > 0. Let Z he a. projective 
arithmetic variety over B with the following properties: 

(a) Zu = Xu. 

(b) For each m < i < n, there is a birational morphism fii : Z ^ Xi, which is the identity 
map over U. 

(c) For each m < j < n, there is a morphism gj : Z —>■ y which is an extension of 

fu-^u—>- yu- 
Here we claim the following. 



Claim 3.2.3. (i) /i*_,.;^(£j+i) = d ^g*{pl{Ci)) for each m < j < n. 
(ii) p*{Cj) = d-^g*{p*{Co)) for each m < j < n. 



n-l 



(iii) p*^{Cn) - p*^{Cm) = ^d ^g*{pl{Ci) - Pq{Co)). 



j=m 



(i) Let us consider the following two morphisms between Z and Xq: 

Z^y^X.^Xo and Z ^ X,+, ^ Xq. 

These are same over U. Thus, so are over B. Therefore, g*p\fl{C) = p*j^^f*j^^{C), which 
shows us the assertion of (i). 

(ii) In the same way as above, we can see pj ■ fj = po ■ Oj- Thus we get (ii). 

n-l 

(iii) Since p^{Cn) ^ Pmi^m) — / ^P*+ii^j+i) — P*ji^j)^ this is a consequence of (i) and 

j=m 

an. 



By Lemma |1.5| , there is an ample C°°-hermitian line bundle A on i? such that 

-^y(A) ^.yHu) Pt(A) - pS(A) ;^.-(^) 4(^)- 
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Hence, by (iii) of the above claim, we get 



n— 1 



'n-1 



- E d'' ^^(A) ;^.-(^) <(^n) - f^liCm) ;<^-^u) E ^"M ^^(^)- 
\j=m / \j=m 

Thus, we obtain the first assertion of (1). The second assertion is obvious. 

(2) Let us consider the following cases: 

Case 1 : / = /'. 
Case 2 : X = X'andC = c' . 
Clearly, it is sufficient to check (2) under the assumption Case 1 or Case 2. 

Case 1 : In this case, we assume / = /'. Shrinking U and U', we may assume that U = U', 
Xjj = Xlji and Cu = CJ^, in Vic^Xu) ® Q. For each n > 0, let Z„ be a projective arithmetic 
variety over B such that there are birational morphisms z/„ : Zn —^ Xn and v'^ : Zn — > A"^, 
which are the identity map over U . We may assume that there is a morphism gn '■ Zn -^ Zq 
such that the following diagrams are commutative: 



Z. 



Xn 



fn 



JJr\ 



Xn 



Zn 



9n 



K - 



J n 



■^n 



^n 



Then, 

By Lemma |1.5| , there is an ample C°°-hermitian line bundle A on B such that 

-^2o(A) ^.-(^) K(^) - <{£!) ;<^-^^^u) ^1„(A)- 

Therefore, we have 



which shows us our assertion in this case. 



Case 2 : In this case, we assume that X = X' and C = C . We denote f*{C)^'^ " and 
f'n{C)®'^ by £„ and £„ respectively. Let 3^ be a projective arithmetic variety over B such 
that there are birational morphisms p : y —>■ X , pi : y —>■ Xi, and p[ : y ^ X[, which are 
the identity map over U . We fix n > 0. Let Z he a, projective arithmetic variety over B 
with the following properties: 

(a) Zu = Xu- 

(b) For each < i < n, there are birational morphisms pi : Z ^>- Xi and p[ : Z -^ X-, 
which are the identity map over U. 

(c) For each < j < n, there are morphisms gj : Z ^ y and g'j : Z ^ y which are 



extensions of /^ : Zu — ^ yu and f'fj : Zu — » yu respectively. 
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Note that yUo = /^o- Then, in the same way as in (1) ((iii) of Claim |3.2.3| ), we can see 

n-l 

(3.2.4) /.:(£„) - ^S® = Y.d-'9*M(Zi) - P*(C)) 

j=0 

and 

n-l 

(3.2.5) ^'^*(C'J - ^l(C) = J2d'''9'/ip'i*(^i) - P*®)- 

Let Zn (resp. Z^) be the normahzation of Zjj — ^ Zu — * Z (resp. Zu -^ Zjj -^ Z) and 
let hn '■ Zn ^ Z (resp. h'^ : Z^^ —>■ Z) be the induced morphism. Moreover, let T be a 
projective arithmetic variety over B such that there are birational morphisms t : T —>■ Zn, 
t' : T ^ Z'^, a : T ^ Xn, and a' : T ^ X^, which are the identity map over U. Now 
we have a lot of morphisms, so that we summarize them. The following morphisms are 
birational and the identity map over U. 

^ y -^i-^ X^ Z -^^ X, T -^-^ Zn T -^^ Xn 

y ^ X ,j ,,' ^1 I 

y -^i-^ x[ z -^^ x[ 7 -^-^ z; r -^-^ x'^ 

Moreover, the following morphisms are extensions of the power of / or /'. 

X.r, -^ X (/" over U) Z -^^ 3^ {p over U) Z„ -^ Z (/" over U) 

X'^ -^ X (/'" over U) Z -^ 3^ {f" over U) Z'^ -^ Z (/'" over \J) 



Here, fn- l^n- ^n' ^' — f'n ' P'n ' ^n ■ T oveT U because f ■ f = f ■ f- Hence, so is over B as 
r -^ X. Thus, 



= rf~v*/^>*(£)-rf'-v*/i:,v*(Z) 

Moreover, since /io ■ /in ■ t = /„ ■ a and hq- h'^- t' = f'^- a' , by the above equation, we have 
(3.2.6) d'-'^r'^h': {^^l(Zn) - /i*(£)) - d'^^r^K (p^ (^1) " pS®) = ^*(^n) - cj'^t^) 



On the other hand, by Lemma |1.5| , we can find ample C°°-hermitian Q-line bundles A and 
A such that 



-4(^) ^.y\U) Pt(^l) - P*(^) ^.-y\U) 4(A) 

-4(A') ^^-Hu) Pr(^'i) -P*(^) ^.-\u) 4(A') 



and 



Therefore, if we set 

(n-l \ / n-l 

d' " ^^ (i"-' I and d'^ = d~^ \^ d' 
j=o J \ j=0 



■] 
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then, by {^^ and (^XSj), 

and 

Hence, using (|3.2.6|) , 



-nr (rf„A + <A') ;^^-X(^) a*(/:„) - a'*{C'j ;<^-^^^^ nr {d„A + <A' 
Therefore, we have this case because hm„^oo dn = hm^^oo d'^ = 0. □ 

4. Adelic intersection number and adelic height 

4.1. Adelic intersection number. Let K he a finitely generated field over Q with d = 
tr. degQ{K), and B = {B; Hi, . . . , Ha) a polarization of K. 

Proposition 4.1.1. LetX be an e-dimensional projective variety overK, andletLi, . . . ,Le+i 
be nef line bundles on X. Let < {Xn ,C^ )> be an adelic sequence of {X,Li) for each 
1 < z < e + 1. Let Zn be a projective arithmetic variety over B such that there are bi- 
rational morphisms fXn ■ Z^ — > Xn {i = 1, . . . , e + 1). Then, the limit 

as n -^ oo exists, where ttz^ : Zn ^>- B is the natural morphism. Moreover, if < (3^n , A1„ ) \ 
is another adelic sequence of (X, Lj) for each 1 < z < e + 1, and < (Xn , C^ ) \ is equivalent 
to < {yii ,-Mn ) r /'^'^ each i, then the limit by < {Xn , C^ ) \ coincides with the limit by 

Proof. Let Z^^m be a projective arithmetic variety over B such that there are birational 
morphisms Zn,m -^ ^n and Zn^m -^ 2^m- By abuse of notation, we denote birational mor- 
phisms Zn,m -^ '^n and Zn,m ^ '^rri by /in and yUm respectively. First of all, we can 
see 

i=\ 

Therefore, it is sufficient to show that, for any positive e, there is a positive integer X such 
that if n, 777, > X , then 

di (a„,„, ■ Ci(7rl„^(Fi)) . • ■ ci(7r^„ ^(:ff,))) < e, 

where A„,„,, = ci(/ii^)*(£i'^)) ■ ■ ■ {c.^^T (t^^) - ci(/x»*(£^^))) ■ • ■c,{^t^'''^{6T~'))- By 
the definition of adelic sequences, there are a projective arithmetic variety Xn^m over B, a 
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birational morphism i/„ „i : '^n,m -^ 2n^m, and a nef C°°-herinitian Q-line bundle Dn^m on B 
such that 



Here, since C^ 's are nef with respect to Xn — > B and -ffj's are nef, by using Lemma |L4 



together with the projection formula, we can see 

d^ (a„,^, ■ c.i-Kl^jH,)) ■ ■ -cri-Kl^jHa)) 

< deg(Li ■ ■ ■ Lj_i ■ Lj+i ■ ■ ■ Le+i) deg (ci(L'„,^) ■ci{Hi)---ci{Hd)) 

Thus we get the first assertion. The second one is obvious by the definition of equivalence. 

D 

Definition 4.1.2 (Adelic intersection number). Let Li, . . . , Le+i be adehc line bundles on 
X. Then, by the above proposition, the limit of intersection numbers does not depend on the 
choice of adelic sequences representing each Lj. Thus, we may define the adelic intersection 
number (Li ■ ■ ■ L^-^-i)^ to be the limit in Proposition [4.1.1| . 

Here let us consider the following two propositions. The second proposition is a property 
concerning the specialization of adelic intersection number. 

Proposition 4.1.3. Let Li, . . . , Lg+i be adelic line bundles on X. Then, we have the fol- 
lowing. 

(1) //Li, . . . ,Le+i are nef, then (Li ■ ■ ■ Le+i)^ > 0. 

(2) Let Hi,--- ,Hd be nef C°°-hermitian line bundles on B with H^ ^ Hi for all i. If 
Li, . . . , Le+i are nef, then 

(3) Let g : Y ^ X be a generically finite morphism of projective varieties over K . Then, 

{g*{Li) - - - g*{Le+i))-B = deg{g){Li - - - Le+i)^ 

Proof. (1) is a consequence of (2) of Proposition |1.1| . (2) follows from (4) of Proposi- 
tion prT| . (3) is a consequence of the projection formula. □ 

Proposition 4.1.4. Let {(A'„,£„)} be an adelic sequence of {X,L) such that Cn is nef for 
every n, and let L be a nef adelic line bundle on X given by the adelic sequence {{Xn, Cn)}- 
Let U be a common base of the adelic sequence {{Xn, Cn)} {cf. the definition of adelic 
sequences in § §3.1| ). Let '-/ be a point of codimension one in Uq such that Xu is flat over 7 
and the fiber X^ of Xu —>■ U over 7 is integral. Then, X^ is a projective variety over the 
residue field ^(7) at 7, and L^ = C\j^ is a line bundle on X^. Let T be the Zariski closure of 

{7} in B, and Zn the Zariski closure of X^ in Xn- If H^ is big, then we have the following. 
(1) < [Zn, C,n\^ )> is an adelic sequence of{Xj, L^) with respect to (T; Hi\^, . . . , Hd-i\j,) . 
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(2) If we denote by L^ the adelic line bundle arising from the adelic sequence < (^„, -^nL ] 
then (L / _ _ = implies (L ^ / _ _ =0. 



/{B;Hi,. 



,Hd) \ ' / (r;Hi|^,...,Hd-i|rJ 



Proof. First of all, by using Lemma |1.2| , we fix a positive integer N and a non-zero section 
s G H'^{B, Hf^) with 5(7) = and ||s||sup < 1- Then, div(s) = F + S for some effective 
divisor S. 

(1) To prove (1), it is sufficient to show that 

lim deg(ci{Dn.m\r) -CiiHil ) ■ ■ -Ciilld-il^)) =0, 

?i,m— >oo -11 11 11 ' 

where Dn^m is a nef C°°-hermitian Q-line bundle on B appeared in the definition of adelic 
sequences (cf. §§3.1|). First of all, 

Nd^ {ci(Dn,m) ■ MHi) ■ ■ -Mild)) 

= deg{ci{Dn,m\j^) •Ci(iJi|^)---Ci(i7rf_i|^)) 

+ deg (ci(D„,„|^) • Ci{Hi\^) ■ ■ ■ ci(i7rf_i|^)) 



+ / - log(||s||)ci(D„,„) A Ci{Hi) A ■ ■ ■ A Ci{Hd-i). 
Jb(c) 

Here every term is non-negative. Thus, we can see that 

lim deg (ci{Dn,m\r) -CiiHil^) ■ ■ ■Ci{Hd-i\-r,)) =0. 

n,m— >oo -^ '- -^ 

(2) We can set div(7r^^(s)) = £„, + A„ for some effective divisor A„. Therefore, 
Nd^ (ci (£„)"+' ■ ci(Hi) ■ ■ ■ ci(F,)) 

+ d^ (ci(£„|^j-^+i ■ ci(7r^,^(:ffOLJ ■ ■■^i(^k(^^-i)lAj) 

+ / - \ogi\\n*^^is)\\)c,(CX'^' A c^in*^SH,)) A ■ ■ ■ A c,i7r*^^(Hd-,)). 
Since the last two terms of the above equation are non-negative, we have 
Nd^ {MCny'-"' -MHi) ■ ■■c,(Hd)) 

Thus, taking n ^ 00, 

/ydimX+l\ /ydimX^+1 



(B;Hi,..,Hd) \ ^ / {r;Hr\^,...,Ha-i\^) 

Therefore, we get (2). □ 
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4.2. Adelic height. Let K he a finitely generated field over Q with d = tr. degqlK), and 
B = [B] Hi, . . . , Hd) a polarization of K. Let X be a projective variety over K, and L an 
ample line bundle on X. 

Let L be an adelic line bundle given by an adelic sequence {(A:'„,£„)}. Let K' be a 
finite extension of K, B' the normalization of B in K', and let p : B' ^ B be the induced 
morphism. Let A*^ be the main component oi Xn Xb B' . We set the induced morphisms as 
follows. 



B ^-^— B' 

Then, {X^,T^{Cn)} is an adelic sequence of {Xk',Lk')- We denote by Lk' the adelic line 
bundle induced by {X^, r^(£„)}. With this notation, if Li, . . . , Lg+i are adelic line bundles 
on X, then we can see 

(4.2.1) {(L,)k, . . . (L,+i)k')b,, = [K' : K](Li ■ ■ -le+O^, 

by virtue of the projection formula, where Bk' = {B'; p*{Hi), ■ ■ ■ , p*{Hd)). 

Let F be a subvariety of Xj^. We assume that Y is defined over K'. Let y'^ be the closure 
of Y in X^. Then, {y'^, r^(£„)| } is an adelic sequence of (Y, Lk'\y)- We denote by Lk'\y 

the adelic line bundle given by {y'^, 'Tni.^n)\y, }• We define the height of Y with respect to 

L to be 

h^iY)- \' /- 



[K' ■ K]{diuiY + l)deg(LK' 



dim Y 

y 



Note that by virtue of ([4.2.1|) , the above does not depend on the choice of K' . We call hM-(Y) 
the adelic height of Y with respect to L and B. 

Proposition 4.2.2. Let X be a projective variety over K , and L an ample line bundle on 
X . We assume that there is a surjective morphism f : X ^ X and an integer d > 2 with 
j^®d r^ f*{L). Let L be the adelic line bundle with the f -adelic structure. Then, we have 
the following. 

(1) hE.f{Y) > for all subvarieties Y of X^. 

(2) For a C°°-model {X,C) of {X,L) with C being nef with respect to X ^ B, there is a 
constant C such that 

'h^,{Y)-hf^-^^{Y)\<C 

for any subvarieties Y of X^. 

(3) hEf{f{Y)) = dhEf{Y) for any subvarieties Y of Xj^. 

Moreover, hEj is characterized by the above properties (1), (2) and (3). 
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Proof. (1) Since L is nef by Proposition |3.2.1| , (1) is a consequence of (1) of Proposi- 
tion |X|. 



C 



(2) We choose a Zariski open set U oi B such that / extends to fu : Xjj — > Xjj and 



f*{Cu) in Pic(Af(7) (g) Q. Let Xn be the normahzation of Xn 



Xj, 



X, and 



fn : Xn ^ X the induced morphism. We denote f*{C)^ by £„. Then, as in proof 
of (1) of Proposition |3.2.1| , there are a projective arithmetic variety Zn over B, birational 
morphisms ^n '■ 2n ^ Xn and Un : Zn ^ X (which are the identity map over U), and an 
ample C°°-hermitian hne bundle D on B such that 



-dn^UD) 



-< 



^-zliU) 



fxliC^) - <(£) 



^ 



^^zJU) 



dnTr*z(D), 



where dn = XlLo d ^ 



j=0 



Let y be a subvariety of Xj^. We assume that Y is defined over a finite extension field K' 
of K. Let B' be the normalization of B in i^', and let p : B' —* B be the induced morphism. 
We denote by X', X!^ and Z'^ the main components of A" x^ B' , Xn ^b B' and Zn ^b B' 
respectively. We set the induced morphisms as follows. 



X 



B 



X' 



B' 



Xn 



B 



'^n. 



B' 



Zn "- 



■^z„ 



B 



7' 



B' 



We also have the induced morphisms /x^ : Z^ ^ X'^ and v'n'. Z'n^' X'. Then, 



-dn7r%{p*D) :<^-Uu) f^n*K^n 



l^„ 



r*C)^-.,^.dnT^%{p*D), 



On the other hand, since 



\dimy+l 



Ci{Vn{r*C)) 



dimy+1 



dimy+1 



dimy-i+l 



by using Lemma OI, we have 



deg {c,{T:Cn\yX'^''^' ■ M^kP^Hi) ■ ■ ■U^yyHa) 

-d^ (ci(r*£|3^)^^-^+i ■ M-r^yP^Hi) ■ ■ -Cii-n^yp*!!,) ^ 

< dn[K' : ii'](dimF + 1) deg(L|J!'°^)d5 {c,(D) ■ c,(H,) ■ ■ -c^iHd)) , 

where 3^ and 3^^ are the Zariski closures of Y in X' and X^ respectively. Thus we get (2). 

(3) Clearly, we may assume Y is defined over K. Let {X,C) be a C°° model of (X, L). 
Let us consider a sequence of morphisms of projective arithmetic varieties over B: 



<-X l^Q < ^l < ■ ■ ■ 



'^n-1 






fn + 2 



n+1 
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such that X is the generic fiber oi Xn ^ B for every n, and that fn '■ '^n ~^ '^n-i is an 
extension of / for each n. Let 3^„ be the Zariski closure of Y in Xn- Then, /n+i(3^n+i) is the 
Zariski closure of f{Y) in Xn- By the definition of the height, 

(4.2.2.1) hE,{Y) 

™ (dimr + l)deg(L|J!"'^)rf("+i)(d™'^+i) 

On the other hand, by the projection formula, 

(4.2.2.2) 

d^ (ci(/:+j: ■ ■ ■ /r(:c))-^-^+^ ■ c,{f:^,n*^^(H,)) ■ ■ ■Mf:^,7^*^^(H,)) ■ (y^^,, o)) 

= deg(/|^)d^ (ci(/: ■ ■ ■ /r(£))-^^'"^+^ • M^kiHi)) ■ ■■c,{rr%jH,)) ■ (/„+i(3^„+i), 0)) . 
Here, since L®"^ ~ f*{L), we have L®'^!^ ~ (fly)* (-^lf(y))' which implies 

(4.2.2.3) rf'^'-^deg(L|^;°^^) = deg(/|^) deg(Lr^;^)^). 
Moreover, 

(4.2.2.4) hEfifiY)) 
d^ (ci(/„* ■ ■ ■/r(£))-^-^+i ■ ci(vr^j:^0) ■ ■ ■ci(vr^„(:ff.)) ■ (/.+i(3^n+i), 0)) 



lim 



ldimy> 



(dimr + 1) deg(L|j;'^) )rfn(dimy+i) 
Therefore, by (|4.2.2.1D , ( [4.2.2.2|) , (^4.2.2.3| ), and (|4.2.2.4|) , we obtain 

;.f,(/(r)) = rf/.|,(F). 

Finally, the last assertion is obvious. For, by (2) and (3), we can see 

/if (/-(r)) 

hE,{Y)= lim ("^'^^ 



L n— >cx) (i"- 



D 



5. The canonical height of subvarieties of an abelian variety over finitely 

generated fields 

Let i^ be a finitely generated field over Q with d = tr. degQ(-ft'), and B = (B; Hi, . . . , Hd) 
a polarization of K. Let A be an abelian variety over K, and L a symmetric ample line 

bundle on A. Since [2]*(L) ~ L*^^, we have an adelic line bundle L with the [2]-adelic 
structure. Let / : A — > A be an endomorphism with f*{L) ~ L®*^ for some d > 2. Then, 



since / ■ [2] = [2] ■ /, by (2) of Proposition p.2.1| , L = L . Thus, the adelic structure does 



not depend on the choice of the endomorphism. In this sense, we have the line bundle L 
with the canonical adelic structure. 
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Let X be a subvariety oi Aj^. We denote by hf^{X) the adelic height /i^can(X) of X with re- 



spect to the hne bundle L with the canonical adelic structure. Then, by Proposition |4.2.2 
we can see the following: 

(a) /if (X) > for all subvarieties X of A-j^. 

(b) For a C°°-model {A, C) of (A, L) with C being nef with respect to A —* B, there is a 
constant C such that 



<C 



for all subvarieties X of A-j^. 
(c) /if ([X](X)) = N'^hf{X) for all subvarieties X of A;^ and all non-zero integers X. 

The purpose of this section is to prove the following theorem. 

Theorem 5.1. Let A be an abelian variety over K , and L a symmetric ample line bundle 
on A. Let X be a subvariety of A-j^. If the polarization B is big, then the following are 
equivalent. 

(1) X is a translation of an abelian subvariety by a torsion point. 

(2) The set {x E X(K) \ hf{x) < e} is Zariski dense in X for every e > 0. 

(3) hfiX) = 0. 

Proof. Let us begin with the following two lemmas. 

Lemma 5.2. Let A be an abelian subvariety over K, C an abelian subvariety of A, and 
p : A -^ A' = A/C the natural homomorphism. Let X be a subvariety of A such that 
X = p^^(p(X)). Let L and L' be symmetric ample line bundles on A and A' respectively. If 
hJ{X) = 0, then hJ,{Y) = 0, where Y = p(X). 

Proof. Replacing L by L*^" (n > 0), we may assume that L ® p*{L')®~^ is generated by 
global sections. Let {A, C) and {A! , C ) be C°°-models of {A, L) and {A' , L') over B with the 
following properties: 

(1) C and C are nef and big. 

(2) There is a morphism A ^ A! over B as an extension oi p : A ^^ A' . (By abuse of 
notation, the extension is also denoted by p.) 

Let Tx : A ^ B he the canonical morphism. Replacing £ by £ 7r*(Q) for some ample 
line bundle Q on B, we may assume that n^.i^C ® p* {C')®~'^) is generated by global sections. 
Thus, there are sections si, . . . ,Sr of if°(£ ® p*(£')®~^) such that {si, . . . , Sr} generates 
L ® p* {L')^~^ on A. Moreover, replacing the metric of £, we may assume that si, . . . , s^ are 
small sections, i.e., ||si||sup < 1 for all i. 

Let Art (resp. A!^ be the normalization of A — > A^^ A (resp. A' — > A' --^ A'). Then, 
we have the following commutative diagram: 

P 



A' < A' 

Jn 



THE CANONICAL ARITHMETIC HEIGHT OVER A FINITELY GENERATED FIELD 19 

where /„ and /^ are extension of [2"]. Here the adehc structure of L (resp. L ) is induced 
by {4-"/;j(Z)} (resp. {4-"/;*(£')}). Let Xn (resp. 3^„) be the Zariski closure of X in An 
(resp. Y in A!^. Then, since /*(si), . . . , /^(s^) generate /*(L (g) p*(L')'^"^) on A, we can 

find /*(si) such that /*(si) ^ on A'„. This means that fn(A)\x^ ® Pn(/r(^'))®"^ is 

effective. Therefore, if we denote dim X and dim F by e and e' respectively, then, by virtue 
of (4) of Proposition |l.lj together with the projection formula. 



d^ (ci(/:(£)|^J-+i ■ ci(7r^„/70 • ■ ■U^*,^H,)) 



> deg ( c,ip:f:,*ic') )-'+i ■ ci (/:(£) I ^j--' ■ ci(p>^„ffi) ■ ■■c,ip:n*y^H,: 



^n 



4'^(-^') deg(L|^-^')d5 UUn\c!) )-'^' ■ M^kHi) ■ ■ -cii^kH^ 



Hence, 



i|(A-) > (f:±ilM^|;)l!|(^^,4(r) 



(e + l)deg(L| 



Xy 



Thus we get our assertion. □ 

Lemma 5.3. Let A and S be algebraic varieties over a field of characteristic zero, and let 
f : A ^ S be an abelian scheme. Let X be a subvariety of A such that f\-^ : X —* B is 
proper and fiat. Let s be a point of S . If Xg is a translation of an abelian subvariety of Ag, 
then there is a Zariski open set U of S such that (1) s G f/ and (2) Xt is a translation of 
an abelian subvariety of At for all t eU . In particular, the geometric generic fiber X^ is a 
translation of an abelian subvariety. 

Proof. Since X^ is smooth and q{Xs) = dim(X/S'), there is a Zariski open set U oi S 
such that s E U, Xjj is smooth over f/, and that q{Xt) < dim(X/S') for all t E U. By Ueno's 
theorem (cf. [l|. Theorem 10.12]), q{Xt) > dim(X/S') and the equality holds if and only if 
Xf is a a translation of an abelian subvariety. Thus we get our lemma. □ 



Let us start the proof of Theorem |5.1| . First of all, we may assume that X is defined over 
K. 

"(1) => (2)" is obvious. "(2) => (1)" is nothing more than Bogomolov's conjecture 
solved in p|. 

"(1) =^ (3)" : We set X = A'+x, where A' is an abelian subvariety of Aj^ and x is a torsion 
point. Let iV be a positive integer with Nx = and N >2. Then, [N]{X) = A' = [N]{A'). 
Thus, by Proposition [4.2.2| , 

hf{X) = {l/N')hfm{X)) = {l/N')hfm{A)) = hf{A'). 

On the other hand, 

hf{A) = hfm{A)) = N'hf{A'). 

Therefore, hf{X) = hf{A') = 0. 
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"(3) =^ (1)" : Let H be an ample C°°-herniitian line bundle on B. Then, there is a positive 

6?17T, 6?) 1 ,^—^—1 

integer n such that H^ ^ H ^0. for all i. Then, by using (4) of Proposition p..l| , we 
can see that an adelic sequence with respect to {B; Hi, . . . , Ha) is an adelic sequence with 
respect to {B; H, . . . , H), and that 

Thus, we may assume that Hi, . . . , Hd are ample. We prove the assertion "(3) =^ (1)" by 
induction on d = tr. degQ(-ft'). If (i = 0, then this was proved by Zhang p. We assume c? > 0. 
Then, by the above lemma together with hypothesis of induction and Proposition [4.1.4| , X 



is a translation of an abelian subvariety C. Let us consider n : A -^ A' = A/C. Then, 7r(X) 
is a point, say P. Then, by Lemma ^]^, hf^,{P) = for a symmetric ample line bundle L' 
on A'. Thus, P is a torsion point by [§, Proposition 3.4.1]. Therefore, we can see that X is 
a translation of C by a torsion point. □ 

Let X be a smooth projective curve of genus g > 2 over K. Let J be the Jacobian of 
X and Lq a line bundle given by a symmetric theta divisor on J, i.e., Lq = Oj{Q). 
Let j : X — i> J be a morphism given by j{x) = uJx — {2g — 2)x. Then, it is well known 
that j*{Lq) = ijj-^ . Let Lq be the canonical adelic structure of Lq. Thus, we have 

the adelic line bundle j*{Lq ) on X. In terms of this, we can give the canonical adelic 



structure on oox- We denote this by uj'^. Then, as a corollary of Theorem 5A. and (3) of 
Proposition [4.1.3| , we have the following. 

Corollary 5.4. If the polarization B is big, then (uj\ ''^x)b ^ ^■ 
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